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1 We denote the function in each parts by f(z).

(a)

Since 22 — 5z +4 = 0 if and only if z = 1 or z = 4, 1 and 4 are two singular points of the
function f(z).
For z = 1, note that for 0 < |z — 1] < 1,
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Since is analytic for 0 < |z — 1] < 1, the principal part of f(z) at z =1is0 and z =1
P

is a removable singularity for f(z). Furthermore, the residue at z = 1 is given by 0.

For z = 4, note that for 0 < |z — 4| < 1,

Therefore, the principal part of f(z) at z =4 is given by

1 and z = 4 is a simple pole of
”—
f(2). Futhermore, the residue at z = 4 is given by 1.

Note that 0 is a singular point of the function f(z). For 0 < |z| < 1, we have
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is an essential singularity of f(z). Futhermore, the residue at z = 0 is given by 2.

e (_1)n22n+1 1
Therefore, the principal part of f(z) at z = 0 is given by Z ( < ) and 2 =0
n=0

Since cos z = 0 if and only if z = N7r+g for some N € Z, N« +g are singular points of the
function f(z) for any N € Z.
For 0 <|z— (N7 +%)| <1,
_z+1
 cosz
(z—(Nm+3)+ (Nr+35+1)
(=1)N+1sin (z — (N7 + %))
(z—(NT+ %))+ (Nr+Z+1)
(z=(NT+Z)) = (z—(N7+Z))P+ & (z = (Nm+%)))° +...

0 (o= e )+ (v 5 0] (g )

N+1(N7T+g+1)
z—(Nm+7%)

f(2)

:(_1)N+1

(1)



As a result, for any N € Z, the principal part of f(z) at z = N7 + F is given by
(—1)N+1 (Nm+ 5 +1)
z—(Nm+73)
and the point is a simple pole. Furthermore, the residue at that point is given by
(—1)N+1 <N7r+ 5+ 1)
(d) It is clear that z = 0 is a singular point. Furthermore, for 0 < |z| < 1,
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Therefore, the principal part of f(z) at z = 0 is given by 0 and z = 0 is an removable
singularity of f(z). Futhermore, the residue at z = 0 is given by 0.

(e) Note that since we are using the principal branch for the square root, z = 4 is the only singular

point of f(z). Furthermore, for 0 < |z — 4| < 1,

2 2247
2z = z—4
Let ¢(2) = —22(2 + /). Note that ¢(z) is analytic for 0 < |z — 4| < 1. Moreover, we have

f(z) =

1 4
P(2) =p(4) + ¢’ (4)(z — 4) + ¢ 2( )(z —4)%+ ...
Therefore,
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fz)= po— —Z_4+¢(4)+ 5 (z—4)+...
From this we can see that the principal part of f(z) at z = 4 is given by j(%zl = % and

z =4 is a simple pole of f(z). Futhermore, the residue at z = 4 is given by —64.
2 In each part, we denote the integrand by f(z).
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(a) For f(z) = m»

|z| = 3. Moreover,

note that the singular points z = 0 and z = 1 lie inside the contour
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As a result,
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(b) For f(z) = ﬁ, note that the singular points z = +2i lie inside the contour |z| =
Moreover, for 0 < [z| < %
1
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As a result
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3 Since ¢(z) is analytic and has a zero of order 1 at z = 2, we have

qN?”(z—z02+~~=<z—%>(dcm>+qﬂgw<z‘2“‘*“')::“‘%“gwx

q(2) = ¢'(20)(2—20)+

where g(z) = ¢'(20) + %(z — 2p) + ... is an analytic function near zg with g(z0) = ¢’(z0) # 0.

As a result, since
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and the function ¢(z) = ; (1)]2 is analytic near zp with ¢(z9) # 0, 2o is a pole of order 2.
g(z
Furthermore,
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4 (a) Note that the singular points of the integrand f(z) =
by z=0and z =nrm forn =+1,£2,..., £N.
Note that for 0 < |z| < 1,

5 inside the contour are given
22 sin(z)
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1
As a result, Res,—q f(z) = G

For0< |z —nm|<1l,n==+1,+2,...,+N,
1
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where

is analyic near z = nm with ¢(nw) =
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As a result, Res,— f(z) = ( 3 )2 for any n = £1,42,...,£N. Therefore,
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(b) Recall the formula that for z = x + iy, we have

|sin z|? = sin” z 4 sinh? y

1
In particular, on the contour x = + (N + 2) T,

1
| sin z|? > sin? <N+ 2> T=1
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On the other hand, on the contour y = + (N + 2) m,

1
|sinz\2 > sinh? (N + 2) 7 > sinh? (g) >1
Moreover, on the contour Cy, we have |z| > (N + %) 7 Therefore,
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By a), we have

which gives



